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Abstract 

For n > 1 we consider the class JP(n) of dynamical systems whose 
every ergodic joining with a Cartesian product of k weakly mixing auto- 
morphisms (fc > n) can be represented as the independent extension of a 
joining of the system with only n coordinate factors. For n > 2 we show 
that, whenever the maximal spectral type of a weakly mixing automor- 
phism T is singular with respect to the convolution of any n continuous 
measures, i.e. T has the so-called convolution singularity property of order 
n, then T belongs to JP(n — 1). To provide examples of such automor- 
phisms, we exploit spectral simplicity on symmetric Fock spaces. This 
also allows us to show that for any n > 2 the class JP(n) is essentially 
larger than JP(n — 1). Moreover, we show that all members of JP(n) 
are disjoint from ergodic automorphisms generated by infinitely divisible 
stationary processes. 
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1 Introduction 

In this paper we deal with several properties of dynamical systems which are 
related to the notion of disjointness. This notion was introduced by Fursten- 
berg [8] and, among other motivations, bore fruit in the development of tools to 
classify dynamical systems and construct examples of different behaviour. We 
will devote our attention to classes of automorphisms enjoying the so-called join- 
ing primeness property of order n (JP(n)) introduced in |.16, . The JP(n) class 
consists of automorphisms whose all ergodic joinings with Cartesian products 
of weakly mixing automorphisms are in fact joinings with at most n coordinate 
factors, the remaining coordinate factors being joined by taking the product 
measure (for the precise definition see Section |2|. In particular, weakly mix- 
ing automorphisms with the JP(n) property do not admit a representation as 
Cartesian products of more than n factors. 

For each n > 1 we give examples of automorphisms enjoying the JP(?i + 
1) property and not the JP(n) property (in |16| it was already shown that 
JP(1)S^ JP(2)). It seemed natural to look for such examples among weakly mix- 
ing systems which are Cartesian products of rt + 1 copies of some automorphism, 
since such representation automatically implies that the JP(n) property does not 
hold. The main tool which we use to find systems with the joining primeness 
property of a given order among Cartesian products is spectral theory, in par- 
ticular the property of convolution singularity of order n (CS(n)). We say that 
a Borel measure fi on the circle group T has the CS(n) property if it is singular 



with respect to the convolution of any n continuous measures (see Section 2.4 1. 
When /i is a convolution power of some measure, the CS(n) property is tightly 
connected with the spectral simplicity of symmetric tensor products of some uni- 
tary operator. We will show that whenever the Gaussian system determined by 
the reduced maximal spectral type cr-r of an automorphism T has simple spec- 
trum, then the n-th convolution power of ctt has the CS(n -I- 1) property. This, 
in turn, combined with the fact that all weakly mixing automorphisms having 
the CS(n-f 1) property enjoy also the JP(n) property will result in constructing 
examples announced in the beginning of this paragraph. As a byproduct, we 
give a proof of the folklore result that the spectrum of the infinite direct sum of 
unitary operators J7®" is simple provided that the spectra of all of [/®", 

n > 1 are simple. 
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The properties connected with spectral simphcity of symmetric tensor prod- 
ucts were studied before by numerous authors. Let us list only some of them. 
In [13] Katok and Stepin disproved Kolmogorov's conjecture (see eg. psj) that 
for any ergodic system the convolution square of the maximal spectral type is 
absolutely continuous with respect to the maximal spectral type. Stepin in [2B] 
showed that for a typical (with respect to the weak operator topology) non- 
mixing automorphism the convolution powers of the reduced maximal spectral 
type are pairwise disjoint: _L cr^" for m ^ n. Ageev in fT\ showed that even 
a stronger property is also typical for automorphisms: the Gaussian system gen- 
erated by the reduced maximal spectral type has simple spectrum. Concrete 
examples of such systems include the Chacon automorphism (Ageev [2] ) , some 
mixing automorphisms (Ageev [3] and Ryzhikov [22 ) and also recent examples 
in terms of special flows (Lemahczyk and Parreau |15|). 

In [H] it was shown that automorphisms with the JP(1) property are dis- 
joint from dynamical systems arising from infinitely divisible (ID) stationary 
processes. There are many earlier results of a similar flavour. Let us mention 
here only one of them and refer the reader to the introduction of jTH] for a 
more exhaustive survey. The JP(1) class includes simple systems (introduced 
by Veech in [25] and del Junco and Rudolph in [iS]), which in turn contain the 
systems with the so-called minimal self-joining property (MSJ). In [27] Thou- 
venot proved that systems with the MSJ property are disjoint from Gaussian 
systems. We extend the result from [THI and show that all automorphisms sat- 
isfying the JP(n) property for some n > 1 are disjoint from automorphisms 
arising from ID stationary processes. 

2 Definitions 

2.1 Tensor products 

Let H he & separable Hilbert space. The space F{H) = jj®^ jg called 

a Fock space. For a unitary operator U : H ^ H, by F(U) we denote the 
corresponding unitary operator acting on F{H): F{U) = [/®". On 

each subspace H^" C F{H) the action of the operator t/®" is determined 
by U^'^ixi (g) • • • ® a;„) = Uxi ® • • • (g) C/x„. 

Let TT € S{n), where S{n) stands for the permutation group of the set 
{l,...,n}. The operator : H"*" H®'^ is defined by setting U^{xi(^---(^ 
Xn) — 2:7r(i) <8) • • • <Xi x^(ny By iJ®" wc dcnotc the space of all elements of iJ®" 
invariant with respect to the action of S{n), i.e. i/®" — {x G jj^n . — 
a? for all TT G S'(n)}. By [/®" we will understand t/®"|//on. The symmetric 
Fock space is given by Fsym{H) = iJ®" and Fsym{U) denotes the operator 

W^" = F{U)\p^^^i^Hy More information about tensor products of Hilbert 
spaces and unitary operators can be found in [I8j . 

2.2 Spectral theory 

For a unitary operator U acting on a separable Hilbert space H there exist 
elements Xn € H such that 

oo 

i? = Z{xn) and a^^ > fj^^^ > • ■ • (1) 

n=l 
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where = span{U"' {x) : n € Z} is the cyclic space generated by the element 
X € H and for x ^ H denotes the only finite, positive Borel measure on 
T = {z e C: |z| = 1} such that (?7"x,x) = /-[. z" da^iz) (this measure is 
called the spectral measure of x). The set of all measures on T equivalent to 
a^-^ in the decomposition Q is called the maximal spectral type of U and is 
denoted by ajj- For n > 2 the maximal spectral type of the tensor product 
of operators ?7i , . . . , [/„ is given by the convolution of their maximal spectral 
types: crui®---®Ur^ = <^Ui * • • ■ * o'[/„. 

For n > 1 let yl„ = {z e T: ^ 0}, where ^^^^ is the Radon-Nikodym 
derivative. The spectral multiplicity function Mjj : T — > N U {oo} is given by 
Mu{z) = '^Ari{z) and the spectral multiplicity of U is the essential supre- 

mum of Mjj . If for some > 1 Mu — N almost everywhere with respect to the 
maximal spectral type, we say that U has homogeneous spectrum of multiplicity 
N . If moreover A'^ = 1, we say that U has simple spectrum. 

Consider the operator Va ■ L'^i'^, cr) L'^i'^, c) given by Va{f)(z) = z ■ f{z), 
where cr is a finite, positive Borel measure on T. It has simple spectrum and 
its maximal spectral type is a. The operator J7|z(2:) • ^(a;) — > Z(x) is spectrally 
equivalent to 14: L'^{T,ax) — L'^{T,ax)- For an introduction to the spectral 
theory of unitary operators see e.g. [50] and for other locally compact abelian 
group actions see {17 or [TT. 

Given an automorphism T: {X,B,ii) {X,B,^) of a standard proba- 
bility Borel space, by its spectral properties we will understand the spectral 
properties of the associated unitary operator (the so-called Koopman operator) 
Ut ■ Li^iX, B, fi) — ?> L'^{X, B, ^) defined by Uxif) — foT, e.g. the maximal spec- 
tral type of T is the maximal spectral type of Ut- Since any Koopman operator 
has an atom at 1, i.e. Si ^ au^ , we will also use the notion of the reduced max- 
imal spectral type, i.e. au^i ^ , where Lq{X) = {/ g L'^{X) : J f dfi = 0}. 

We recall that spectral simplicity of FsymiUT\Ll{x)) is equivalent to spectral 
simplicity of the Gaussian automorphism associated to the reduced maximal 
spectral type of J/tQ 

2.3 Joinings 

Let T and S be automorphisms of standard probability Borel spaces {X, B, ji) 
and (Y, C, v) respectively. By J(T, S) we denote the set of all joinings between T 
and 5, i.e. the set of all T x S'-invariant probability measures on {X xY,B®C), 
whose projections on X and Y are equal to n and v respectively. The subset of 
J{T,S) consisting of ergodic joinings will be denoted by J'^{T,S). For J{T,T) 
we write J{T). Joinings are in one-to-one correspondence with Markov operators 
L^{X,B,^i) ^ L^{Y,C,v) satisfying $ o T = o $: 



We denote the set of such Markov operators by J{T, S) and endow it with 
the weak operator topology. This identification allows us to view J(T) as a 

^For more information concerning Gaussian systems we refer the reader e.g. to [18j . 



$ A* e J(r, S), \^{A X B)^ [ $(1^) di^, 
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metrizable compact semitopological semigroup. If ^ C C is a factor of S and 
A G J(T, 5*1^) we can consider the joining A € J(T, S) given on B by 

\{BxC)= [ lB{x)E{lc\A){y) d\{x,y). 

JxxY 

It is called the relatively independent extension of A. 

We say that T and 5* are disjoint if J(T, S) = i^} (the notion of disjoint- 
ness was introduced by H. Furstenberg in [H]). We refer the reader to [LOJ for 
more information on the theory of joinings and e.g. to [T7] for a short survey 
on the basic notions. 

2.4 Convolution singularity 

Throughout the paper, by measure on T we will always mean a positive finite 
Borel measure. 

Definition 2.1 A measure ct on T has the convolution singularity prop- 

erty (CS) a a J- vi * 1^2 for any continuous measures I'l, 1/2 on T. An automor- 
phism T has the CS property if its maximal spectral type has this property. 

We can generalize this property and consider singularity with respect to 
convolutions of more than two measures. 

Definition 2.2. A measure u on T has the convolution singularity property of 
order n (CS(n)) if u _L i^i * • • • * for any continuous measures z^i, . . . . on 
T. An automorphism T has the CS(n) property if its maximal spectral type has 
this property. 

2.5 Joining primeness 

The notion of joining primeness (JP) and its generalization - joining primeness 
of higher order - were introduced in jl6| . 

Definition 2.3. Let T: {X,B,Ijl) — > {X,B,Ijl) be an ergodic automorphism 
of a standard probability Borel space. We say that T has the joining prime- 
ness property of order n > 1 (JP(n)) if for any fc > n + 1 and any weakly 
mixing automorphisms Si: (Yi^Ci^Vi) — > {Yi,Ci,Vi), 1 < i < /c, for every 
\ G J'^ (T, Si X ... X Sk) there exist «i, 1 < ij < fc such that 

A = Xx.Y,^,...,Yi„ 8) 

where Xx.Yi^,....Yi^ is the projection of A on the product of the corresponding 
coordinate factors. 

Speaking less formally, the JP(n) property means that ergodic joinings with 
Cartesian products of weakly mixing automorphisms are in fact independent 
extensions of joinings with products of at most n factors. 

Remark 2.1. ([16) Adding the requirement that Si,...,Sk are isomorphic 
yields an equivalent notion. Also restricting the definition by fixing fc = n + 1 
(instead of taking an arbitrary fc > n + 1) brings nothing new. 

Remark 2.2. Clearly JP(m)cJP(n) for rn < n. 
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3 General results 



3.1 CS(n) property vs spectral multiplicities of tensor prod- 
ucts on some subspaces 

Our results from this section overlap with the results from [53] (e.g. Proposi- 



tion 



3.5 follows from the "calculus of spectral multiplicities" proposed in [23_). 
However, for the sake of completeness and for the consistency of the language 
we have decided to include the overlaping results as well. Ryzhikov also pro- 
vides in [23] new examples of spectral multiplicities, including e.g. {p,q,pq}, 



{p,q,r,pq,pr,rq^pqr} (cf. Remark 3.6 I. Recall that the problem to determine 



which of the subsets of N can be obtained as the sets of essential values of the 
spectral multiplicity function remains open. 

For n > 1, we denote by C„ the map from T" to T given by 

Cn{^l^ ■ ■ • ; ^n) — Zi • . . . • Zyi. 

So, if [/ is a unitary operator of a separable Hilbert space, (Ju%n = (txt/)*" = 
(C„)*((T®"'). Throughout the paper we will use the following well-known char- 
acterization. 

Proposition 3.1. Let a be a finite positive Borel measure on T. The oper- 
ator Vj®" has homogeneous spectrum of multiplicity N if and only if the map 
Cn : T" ^ T is N -to-one on some Borel set F C T" with a'^"{F'=) = 0. 

Remark 3.1. The same property can be also expressed in terms of disintegra- 
tion of measures into conditional measures, as it was done in [12\ in the case 
of two operators with simple spectrum (whose product has not necessarily a 
homogeneous spectrum) : 

The operator T/®" has homogeneous spectrum of multiplicity N if and only if in 
the disintegration 

a®" =1^1, d(J*'^{z) 
jt 

for a*^^-almost every z, the measure /Zz (which is concentrated on C^^{z)) is 
purely atomic and has N atoms. 

Remark 3.2. For a unitary operator U: H ^ H the condition that C/®'^ 
has simple spectrum for some fc > 1 implies that U has simple spectrum too. 
Indeed, otherwise we can find xi, X2 (z H with same spectral measures a^^ = cr^^ 
and such that Z{xi) _L Z{x2). Then xf^xf' G Z(a;f'=) _L Zixf") and 

cr »fe = (T which implies that spectrum of C/®*^ is not simple either. 

Let I = {i ^ (ii, . . . , in) : {ii, . . . , i„} = {1,2,..., n}}. Let G be a subgroup 
of the group S{n), acting naturally on / by 

7r((ii,...,i„)) = (7r(ii),...,7r(i„)) 

for TT £ G. Denote by oc the number of orbits of this action of G on /. Since 
every orbit has #G elements, we have oq — Now we consider the space 

H^ZiG) ^{x£ il®" : U^{x) =xioTTTeG}. 
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Remark 3.3. Let n> 1. If a = ax is the maximal spectral type of the unitary 
operator U : H ^ H then the spectral measure of (x, . . . , x) under t/"^" is a*", 
so it is the maximal spectral type of t/**". Since [x,. . . ,x) S Hf^{G) for any 
subgroup G C S{n), the maximal spectral type of t^'*"|jif»"(G) is also cr*". In 
particular dyon — cr*". 

Remark 3.4. Notice that the orthogonal projection on H^^{G) is given by 

The spectral decompositions of the operators f/®" and are con- 

nected with each other. In case when the spectrum of J7®" is simple and the 
maximal spectral type is continuous, we obtain the following characterization. 

Proposition 3.2. Let U : H H be a unitary operator of a separable Hilbert 
space. Assume that a — au is a continuous measure and that [/®" has simple 
spectrum. Then has homogeneous spectrum of multiplicity oq. 

A similar theorem can be found in Ageev [3 . Even though our situation 
is simpler (in [3 the measure has one atom, whereas here it is continuous), we 
include the proof for the sake of completeness. 

Proof. Since by Remark |3.2| the operator U has simple spectrum, we can assume 
that U — Vau , that is 

H = L^iT,au) and Uf{z) = zf{z). 

We will use the ordering on T inherited from principal values of arguments of 
complex numbers. Let 

A~ = {(zi, . . . , z„) e T"; z,, < . . . < z,„} and = 1a,L^ (T", a®") 
for i Cz I. The sets yl^ are pairwise disjoint and we have 

F.±Fj{ort^j. (2) 

By continuity of a, T" can be decomposed up to a set of measure zero into the 
disjoint union IJ^g^ ^j. Therefore _ff®" = ^1- obtain 

Notice that 

U^{F.) = for TT e S{n) and i&I. (3) 

If j = T(i) for some t G G, by Remark 



3.4 



If j is not in the G-orbit of i. then for any tt, tt' G G we have 7r(i) 7^ t^'U), 
and hence the sets and ^7r'-i(J) disjoint and F^^nj-^ _L Pt^'-i^)- It 

follows by Remark |3.4| that 
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This means that for some ii, . . . , io^ we have 

OG 



k=l 

Now, 



Indeed, the unitary equivalence is given by 



The isometricity condition follows by Remark 3.4 by ([3|, (|2| and by the fact 
that is an isometry of L^{T'^,a^'''). Moreover, projjje,^^^^ o = f/O" o 

projjj^n. ^Qp] Hence 



Moreover, for any i,j E I it holds U^'^\f^ — J7'^"|_f, (the isomorphism is given 
by U-rr for the appropriate tt S S{n)). Therefore 

OG 

t^^"li/f„:(G)-0t^^"l% „)■ (4) 

fe=i 

To complete the proof, it suffices to show that C/®"|f(i has simple spectrum. 
This is however true since the condition Q for G — S{n) means that 

i7®"~C/®"|i.(, , (5) 

□ 

Corollary 3.3. Let n > I. If the maximal spectral type ofU is continuous then 
U'^"' has homogeneous spectrum of multiplicity n\ if and only if J7®" has simple 
spectrum. 

Proof. Fix n > 1. If the operator f/®" has simple spectrum then applying 
Proposition 3.2 to G = {Id} we see that J7®" has homogeneous spectrum of 
multiplicity n\ 

Now assume that ?7®" does not have simple spectrum. First we consider 
the case when U itself has simple spectrum. By conditions (jsj and Q from 
Proposition |3 . 2 1 we have 



fe=l k=l 



Therefore the spectral multiplicity of ?7®" is at least equal to 2nl. Now if U 
does not have simple spectrum then H D Z{xi) Z(x2) for some Xi,X2 E H 
with cr^^ = a^^. Therefore i?®" D Z(xi)®" ® Z(x2)®" and if®" D Z(a;i)®" ® 
Z(a;2)®". Using the same arguments as before, the spectral multiplicity is thus 
again at least equal to 2nl □ 



^We have projp oW = W o projp for any bounded linear operator W on a Hilbert space 
H and any W- and VK* -invariant subspace F G H. 
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Remark 3.5. Let n > 1 and assume that U has simple spectrum and its 
maximal spectral type is continuous. As in the above corollary, it follows from 
conditions (|5| and Q in Proposition 3.2 that 



0C/°". (6) 



k=l 



Therefore (7®" has homogeneous spectrum of multiplicity k for some A; > 1 if 
and only if C/®'^ has homogeneous spectrum of multiplicity nl ■ k. As noted 
in [53], formula ^ remains true also in the general case, i.e. without assuming 
simplicity of spectrum of U. 

Lemma 3.4. If for some k > 1 the operator U®'^ has simple spectrum then also 
for 1 < j < k — 1 the operators C/®^ have simple spectrum. 



Proof. By Remark |3.2| we may assume that U — Vcr where a = au, and we 
may moreover assume that cr is a probability measure. We will show that, 
when fc > 2, spectral simplicity of V^'' implies spectral simplicity for Vj^'"'^ ^\ 
Suppose that Vi^*''" has not simple spectrum. This means that 

for any Borel F C T'^-^, cr®('^-i)(F) = 1 the map Ck-i 
is not one-to-one modulo coordinate permutations on i^. 

Take any Borel set E C T*"' such that cf®^{E) = 1. We claim that Ck is not 
one-to-one modulo coordinate permutations on E. Let F C T*^"^ be defined by 

F = {(zi, . . . , Zfc_i) e : fj ({j/ e T : (zi, . . . , Zk-i,y) G E)) - l} . 

Then cr«'('=-i)(F) = 1. By ([t]) it follows that there exist (zi, . . . , Zfe_i) and 
(zj, . . . ,z^_i) in F with Cfc_i(zi, . . . ,zu-i) = Ck-i{z'i, . . . ,z'^._^) which cannot 
be obtained from one another by a coordinate permutation. 

By the definition of F, we can find z £ T such that both (zi, . . . , Zk~i, z) 
and {z[, . . . , z^_;^, z) are in E. Clearly Cfc(zi, . . . , Zfe_i, z) = Ck{z[, ... , z'^_^,z) 
and these points are not either equal modulo coordinate permutations, which 
completes the proof. □ 

Proposition 3.5. Let k,m > 1. Assume that a is a continuous measure on T 
and that the operator V®™'' has simple spectrum. Then the operator (V^tk)'^™' 

{Tfik\ ! 

has a homogeneous spectrum of multiplicity ^^^^^ with maximal spectral type 



Proof. The maximal spectral type of V®r is (cr*'=)*'" = a™^ . We have to 
determine its spectral multiplicity. 



Since by Lemma 3.4 the operator V^^ has simple spectrum and its maximal 



spectral type is cr*^ , we have V„,k ~ V^^ . Hence 

(K-)^"' - (1/®'=)®'" = (Kf'^lffo.)^™ = "K?'="|(//o.)«. 
where H ^ L'^{T,a). 
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We identify {1, . . . , mk} with {1, . . . ,k}x{l, . . . , m}. Consider the subgroup 
G of S{mk) of all permutations 

tt: (i, j) (7rj(z), j), l<i<k,l<j <m, 

where ttj E S{k) for I < j < m. Then = (fc!)™ and it follows from 
Remark 13.41 that 

^ '' neG ^ '' (7ri,...,ir„)eS(fc)'" 

SO 

Therefore, as V"^™*^ has simple spectrum, by Proposition 
has homogeneous spectrum of multiplicity 

(mfc)! (to/c)! 
^'^ " #G (fc!)™ ■ 

□ 

Using Proposition |3.5| and Remark |3.5[ we obtain the following. 

Corollary 3.6. Let a he a continuous measure on T such that the spectrum 
of Fsym{Vcr) is simple. Then for k > 1 and m > 1 the operator (Vg-ifc)®™ has 
homogeneous spectrum of multiplicity ■ 

Remark 3.6. Notice that Corollary |3.6| yields a generalization of the example 
provided by A. I. Danilenko and V. V. Ryzhikov in |S] which shows that there 
exists a unitary operator U whose set of spectral multiplicities of ©m>iC^®'" is 
equal to 

{1,1 -3,1 •3-5,1 •3-5- 7,...}. 

This is the special case of Corollary |3.6| with k = 2 and it shows that the set 
of spectral multiplicities for a Gaussian system need not be a multiplicative 
sub-semigroup of N (contrary to the claim of A. E. Robinson from |21|1. 

Remark 3.7. Let /ii, . . . ,/j,„ be continuous measures on T. Then by Fubini's 
theorem 

Hi®---^Hn{{{zu---,Zr,) G T"; . ... -z^" =c}) =0, 
for El, ... , e„ e {—1, 0, 1} with J27=i and every c G T. 

Theorem 3.7. Let a be a continuous measure on T. If V®"^'' has simple 
spectrum, then a*'' has the CS{n) property for any n such that such that (m!)" > 
(mfc)!/(A:!)". 

This theorem is proved for the case where k = 1 and to = 2 in |19] . Here we 
provide the proof in the whole generality. 



3.2 
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Proof. Let k,n,m € N be such that (m!)" > ^^ry^- Assume that for some 
continuous measures cti , . . . , ct„ we have 

O-*'' / 0-1 * . . . * (T„. (8) 



and 
We 



We may assume that ct, (Ti, . . . , ct„ are probabiHty measures. By Propositions [3^5] 
3.1 the map Cm is ^^-to-one on some set F C T™ with (cr*'=)«'™(F) = 1. 
claim that under our assumptions this yields a contradiction: we will find 



(to!)" distinct points from the set F with the same product of coordinates. It 
is not possible since by assumption (m!)" > ^^yyir- 

Since we have assumed (|8| , there exists a Borel set A <Z T with cti * . . . * 
cr„(A) > such that 

(Ti * . . . * ct„|a ^ cr**^- 

Therefore 

(ai*...*CT„)^"(A"nF=) = 0, 

whence 

(di® ...®(7„)^"(A™nF^) = 0, (9) 

where I = C-i(A) and F ((C„)™)-i(F). 

Now fix £ > 0. There exist sets Bi, . . . , Bn G /B(T) such that (Ti (E) . . . (g) 
an{Bi X ... X Bn) > and the "parallelepiped" Bi x . . . x _B„ is included in A 
up to £, precisely speaking 

CTi (g) . . . (X) (Tn{Bi X . . . X Bn\A) < e ai (g) . . .(g) Cr„(Bi X ... X Bn). (10) 

We identify again {1, . . . , mn} with {l,...,n} x {1,..., m}. Let now G C 
S{mn) be the subgroup of permutations of the form tt = (7ri)i<i<„ with tt^ G 
S'(to) (1 < i < n), defined by 

tt: («, j) ^^ («,7ri(j)), 1 < « < 1 < i < "1, 
and acting on (T")™ by 

{^i.j)l<i<n. IKjKm ' ^ (^7T(i,j) ) l<^<n, l<j<m ■ 

Notice that such permutations tt preserve the measure (cti g) . . . g) o'„)'*'" and 
that the sets (i?i x . . . x i3„)™ are invariant under the action of G. Without loss 
of generality we can also assume that F is invariant under G (we can restrict to 
Pl^gQ n^^{F), which is still of full measure). 

Since 

m 

(Bi X • • • X B„)™ \ I" C U {Ty-^ X (Si X • • • X B„ \ I) X (T")™-^ 



we have by ( 10 1 



ia,(g...g> a„)«™ ((Bi X ... X i3„)" \ ^'") < 

< m £ • (Ti (g) . . . (g) cr„(i3i X ... X _B„), 
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whence for all tt G G 

. . . $5 a„)«™ ((Bi X ... X B„)" \ 7r-i(I™)) < 



< m £ • (Ti (g) . . . (g) (Tn{Bi X ... X i3„). 



Therefore 

(ai®...«)a„)®" ( (Si X ... X 



< #G • me • (Ti (g) . . . (g) CT„(i3i x . . . x 



BnTr^ n 7r-i(A™)nF J > 0, 



So, if e is small enough, by (|9| 

(ai g) . . . (g a™)^" X ... X 

and, since cri, . . . , (t„ are continuous measures, by Remark |3.7| we can find an 
element (^ij) in this set, for which moreover 

lii ■ ■ • • ■ "^71, jn ^iiji ■ . • . ■ ^n.y^ 

whenever (ji, . . . , j„) and (j^, . . . , j^) are distinct elements of {1, . . . , m}". 

If TT = (7i'i)i<i<n, Ti"' = (7i'i)i<i<n ^ '-^ ^''^ distinct, there exists \ < i < n 
such that 7ri(j) ^ 7r^(i) for some 1 < j < m, whence 

(vri(j),...7r„(j))^ 

and thus 

Therefore the elements 

(^l,7ri(l) ■ ■ • • ■ ^n,7r„(l); • ■ • ; ^l,7ri(m) ' ■ • ■ ' 2^n,7r„(m)) ^ 

for TT — (7ri)i<i<„ e G are all distinct. Clearly they have the same product of 
coordinates, and = (m!)", which completes the proof. □ 

Corollary 3.8. Let a be a continuous measure on T. // V^®" has simple spec- 
trum for infinitely many n £ N then for every k > 1 the measure a*'' has the 
CS{k + 1) property. 



Proof. By Lemma 3.4 Vj?" has simple spectrum for every n G N. In particular, 
when fc > 1 is fixed, V®"^'' has simple spectrum for every m > 1. Let then, for 
m > 1, 

(mfcj! 

By Theorem |3.7| it suflices to show that a„i > 1 for m big enough. We have 

fc! 



Qm+l = a™ • (to + 1) 



k+1 



{mk + 1) • . . . • ((m + l)fc) 

fc' fc' 
> a„ . (m + . a„,^(TO + 1). 



Since fc is fixed, am+i/cim tends to infinity as m increases, which ends the 
proof. □ 
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Corollary 3.9. For every n > 1 the Cartesian product of n copies of a weakly 
mixing automorphism whose reduced maximal spectral type generates a Gaussian 
system with simple spectrum has the CS(n property. 

Proof. Let T: {X,B,^) — > {X,B,^) be a weakly mixing automorphism whose 
reduced maximal spectral type a generates a Gaussian system with simple spec- 
trum. Recall that this implies that Vj^" has simple spectrum for all n. By 



Corollary 3.8 the measure a* is singular with respect to the convolution of any 



A: + 1 continuous measures on T for fc > 1. Therefore 

n 

crj,xn = (5o + ^ cr*'' _L ^1 * ••• * /i„+i 
fc=l 

for every continuous measures ^i-i {\ < i < n -\- \) which ends the proof. □ 

Remark 3.8. It is known that a typical automorphism (with respect to the 
weak operator topology) is weakly mixing (Halmos and its reduced maximal 
spectral type generates a Gaussian system with simple spectrum (Ageev [T]). 

Corollary 3.10. For every n> 1 the Cartesian product of n copies of a typical 
automorphism (with respect to the weak operator topology) has the CS(n -\- 1) 
property. 

Proof. It is a direct consequence of Corollary |3.9| and Remark |3.8| □ 



3.2 Spectral simplicity of FsymiU) 

Let U : iJ — > be a unitary operator acting on a separable Hilbert space, with 
continuous maximal spectral type. Let Fsy„i{U) be the corresponding operator 
on the symmetric Fock space Fsym{H). The spectrum of Fsym{U) is simple if 
the following two conditions hold: 

1. The spectrum of each [7®*^ for fc > 1 is simple. 

2. The maximal spectral types of U'^^ are orthogonal: a'^ _L a'^ for k ^ I. 

These two conditions are not independent: the first one implies the second one. 
This follows directly from Corollary |3.8| Remark |3.2| and Lemma [3. 4| We also 
provide below a more precise consequence of the spectral simplicity of symmetric 
tensor products, with a direct proof. 

Proposition 3.11. Let a be a continuous measure on T. Let n,m > 1. // 

yQim+n) simple spectrum then a*" _L cr*™ * 6a whenever n ^ m or a ^ \. 

Proof. We may assume that cr is a probability measure. Suppose that, for two 
positive integers m < n and some a S T, 

a*"/a*'"*,5„. (11) 

We will show that, if n 7^ m or a 7^ 1, then Cm+n- T™+" — > T is not one- 
to-one modulo coordinate permutations on any Borel set F C T'"+" with 
fT®'^™+"^(F) = 1, i.e. does not have simple spectrum. 

To avoid further discussion on measurability of direct images, notice that 
if A is a Borel set in T*"' with cr®*''(yl) = 1, it contains a cr-compact set of full 
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measure whose image under Ck is still cr-compact and carries cr*'^. Thus Ck{A) 
is measurable, with a*''{CkA) = 1. 

Let a Borel set F C T'"+" with cr«'('"+") (F) 1 be given and consider the 
sets 

A, = {xe T" : f7^"({y e T" : {x, y) e F}) = 1} 

and 

^2 = {y G T": a^^^x G T™ : (x,?/) G F}) = l} . 
By the above observation concerning measurability. cr*™(CmAi) = o'*"(C,iA2) = 



1 and thus ([11]) implies C„^i n a^^CnAs 7^ 0. 

Choose s G C„Aina"iC„A2, x = (xi, . . . ,a;™) G Ai and y = (j/i, .. .,?/„) G 
^2 such that 

CmX = a Cri2/ = s. 

By definition of the sets Ai and ^42 there exist Borel sets Bi C T™, cr'^"(Bi) = 1 
and ^2 C T", cr®"(B2) = 1 such that 

{x\y) G F for all x' G Bi 

and 

(x,y') G F for all y' e B2. 

Moreover, since a is continuous, the set of y' G T" with a given coordinate has 
zero (T'^"-measure and we can restrict B2 to those = (y[, . . . , y^J which have 
every coordinate y[ different from every coordinate yj of y. 



By (111 we get again CmBi a ^Cni?2 7^ 0, so we can choose s' G CmBi n 



a ^C„52, x' = (x'l, . . . , x^) G and y' = {y[,..., y'^) G B2 with 

Then (x,y') G i^, (x',?/) G F, Cm+n{x,y') = Cyn+n{x\y) = a ■ s ■ s' . 

If TO < n, at least one of the coordinates y[ does not appear among the x^ 
and by the latter assumption on B2 it is not either one of the yj, so {x,y') is 
not equal to {x',y) modulo a coordinate permutation, which ends the proof in 
this case. 

If TO = n and a 7^ 1 then y' cannot be a coordinate permutation of x' since 
the products of the coordinates are different, and the result follows by the same 
argument. □ 

Remark 3.9. In the above proof we have not used the fact that we deal with 
unitary Z-actions. The assertion remains true for continuous unitary represen- 
tations of any locally compact second countable abelian group. 

Remark 3.10. Let m > 1, fc > 1. For a continuous measure a on T, the 
condition that the spectrum of V'^™*^ is simple is essentially stronger than the 



3.7 1. Indeed, it 



CS(n) property for n G N such that (to!)" > (Theorem 
suffices to take as ct a measure on T such that the operator T/^™*^ has simple 
spectrum and consider the representation Va+a*Sa for some a G T, a 7^ 1. The 
operator Vj^^a does not have simple spectrum, since this would imply that 
'^a+cr*5 simple spectrum, while clearly {a + a * 6a) * 5a <y + <J * 5a which 
would contradict Proposition |3.11[ On the other hand, by Corollary |3.8| a has 
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the CS(n) property, whence also a + cr * 5a has the CS{n) property as a sum of 
two measures which have the property under consideration. 

In particular, spectral simplicity of is a condition which is essentially 
stronger than the CS property for the measure cr. 

In view of Remark |3.9[ the above discussion remains valid also for other 
abelian group actions - instead of measures on T one needs to consider measures 
on G, where G is the acting group. 



3.3 Girsanov's theorem 

Proposition |3.11| together with methods similar to these used to prove it yield 
a new proof of the well-known fact that the multiplicity function of a Gaussian 
system is either identically equal to one or unbounded. 

Theorem 3.12 ([9]). Let U be a unitary operator whose (reduced) maximal 
spectral type a is continuous. Then the set of spectral multiplicities o/ffiJ^j^J/®" 
is either equal to {1} or it is unbounded. 

Proof. Again, we may assume that is a probability measure. Suppose that the 
spectrum of ©^j^C/®" is not simple. By Proposition 3.11 there exists n > 1 
such that the spectrum of f/®" is not simple. Assume that for some n > 1 the 
spectral multiplicity of C/®" is at least equal to some integer q > 2. This means 
that for every measurable set F C T" of full cr®"-measure we can find s G T 
and q points 

x^^{xl...,x'l)eF (l<^<g) 

so that x] ■ . . . ■ xf = s for 1 < i < q but none of the points Xi can be obtained 
from another one in this set by coordinate permutation. 
Let E be any Borel set in T^" with ct®2"(£;) = i and 

A = e T" : cr®"{2/ e T" : (x, y) G £;} = 1} . 

We have 

cr®"(^) = 1. 

Let s G T and Xi = {xj , . . . , x") G A {1 < i < q) he such that x} ■ . . . ■ x^ = s 
for 1 < i < q and none of the points Xi can be obtained from another one in 
this set by coordinate permutation. Let 

B = {y G T" : {x,,y) e E for all I < i < q} . 

Notice that (T®"(i3) = 1 and, since a is continuous, we can assume without loss 
of generality that the coordinates of points in B are different from all of the 
coordinates of the points Xi for 1 < i < q. 

Let s' G T and yj & B {1 < j < q) he such that y j • . . . • = s' for 
1 < j < 9 and none of the points yj can be obtained from another one in this 
set by coordinate permutation. Then 

{xi,yj) G E 

and 

xl-...-x^-yl...-y^ = s-s' 
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for 1 < i,j < q. Moreover none of the points {xi,yj) for 1 < < (? can 
be obtained from another one from this set by a permutation of coordinates. 
Therefore the spectral multiphcity of the operator f/®^" is at least . It follows 
inductively that the spectral multiplicity function of 0^]^f7®" is unbounded, 
which completes the proof. □ 



4 CS(n) implies JP(n - 1) 

Let n > 1, let T be an ergodic automorphism acting on (X, i3, yu) and Si be 
weakly mixing automorphisms acting respectively on {Yi,Ci,Vi) for 1 < i < n. 
Notice that 

x...xy„)^ (12) 

l<A;<n l<zi <■ ■ ■ <'ifc <n 

where for 1 ^ ii < ■ • • < ik ^ 

For 1 < zi < • • • < H- < 71 let 

fti, ...... : L\Y^ X • • • X y„) ^ L^{Y,, x • • • x J 

and 

po: L'iYi X ••• xy„)^C 

stand for the orthogonal projections. 
Recall the following well-known fact. 

Lemma 4.1. Given T: {X,B, fi) {X,B, n), S: {¥, C , -i' {¥, C , i') , a factor 
of A C C of S and X g J{T), pToji,2(^jc^o<^x is the Markov operator corresponding 
to the relatively independent extension o/A|b^_4. 

Proof. Let B E B,C E C. Since the orthogonal projection is a self-conjugate 
operator, looking at the scalar product we have 

J projL2(A) °^xi'^B)ix)lcix) dfj. 

= J $A(lB)(a;) proji2(^)(lc)(x) d^(a;) 

= / Ib{x) E{lc\A)iy) dX{x,y). 

□ 

We will use the above lemma in the situation where S* is a direct product of 
its factor S\a with some other transformation. 

Lemma 4.2. Let A G J^(r, 5i x • • • x 5„). // 

<i>A(i'(X,6,M))±i^;...,„ 
then there exists 1 < i < n such that 

A — Ax,yi,...,yi_i,Fi+i,...,y„ i^i- 

^For fc > 1 we treat the elements of as functions of n variables. 
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Proof. Let p = projj^Y . Then 

P = '»7=l{Id-qi), 

where : L'^{Yi) C, 1 < i < n stands for the orthogonal projection. Notice 
that for 1 < ii < • • • < < n 

Qti <E)■■■(E)q^^ =Pji,...j„_,, 

where {ji, . . . ,jn-i} = {1, ...,«} \ {zi, . . . We have 

P^oj^LY ji_ ^ Id~p = Id - (^"^^^{Id- q,) 

n 

l — l l<ii < . ..ii <n 

71-1 



fc=0 l<ii<-<ifc<n 

By the assumption that ^\{L^{X)) 1. LY „, it follows that 

n-l 



fc=0 l<ii<---<u-<n 



By Lemma 4.1 the Markov operator Pi^,...^i^. o corresponds to the relatively 
independent extension of Ax y y , i-e. Ax y y Vj' where 

• ■ ^j'n-k} = {!,• • ■ ,"^} \ {h, ■ ■ ■ , jfe}. Hence 

A = (-l)"^^I/i ®---®Vr, 
n-l 

+ E(-i)""'"' E -^^.i-n.-.^-.. ^^.i®---^^.;-.- (13) 

fc— l<ii <• • • <2/s <n 

All the joinings appearing in the above expression are ergodic: 

• A - as a member of J'^{R, Si x ■ ■ ■ x Sn) by assumption, 

• ^x.Yi-^,...,Yij^ - as a projection of the ergodic measure A, 

• ^x,Yi-^ ! - -^ifc ® i^ji ® ' ' ' ^jn-k ~ by the assumption that the 5*^ are weakly 
mixing. 



Now we write (13) as an equality between sums of ergodic joinings. By the 
uniqueness of the ergodic decomposition, A is equal to one of the other measures 
which completes the proof. □ 

Theorem 4.3. Let T be an ergodic automorphism of a standard probability 
Borel space {X,B,fi). Whenever it enjoys the CS(n) property for some n > 2, 
it also enjoys the JP(n — \) property. 
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Proof. Let T : {X, B, /i) — > {X, B, fi) satisfy the assumptions of the theorem. Let 
71 > 2 and let A S J'^{T, Si x ■ ■ ■ x Sn) for some weakly mixing automorphisms 
Si, . . . ,Sn- Recall that for any / g L'^{X, fi) we have 

<^*a(/) < ct/ < ctt 

(see e.g. [T7]) and that the maximal spectral type of 5*1 x • • • x S'„ on LY „ is the 
convolution of the maximal spectral types of the automorphisms Si, . . . , Sn on 



Lq{Yi), . . . , L§(y„) respectively. Using the decomposition ( 12 1 of Lq{Yi x ■ ■ ■ x 
Y„) and the assumption that ctt -L /ii * • • • * /in for any continuous measures 
fii, . . . , fin we obtain 

$A(i'(^,s,/i))±Li;...,„. 

Therefore the assumption of Lemma |4.2| is fulfilled, which completes the proof. 

□ 



5 JP(n - 1)C JP(n) forn > 2 

In this section we will show that JP(n — 1) 7^ JP(n) for n > 2 by giving examples 
of automorphisms which are in JP(n) but not in JP(n — 1). 

Lemma 5.1. Let T: [X,B,fi) — > {X,B,fi) be a weakly mixing automorphism. 
Then T^" ^ JP(n - I) for n>2. 

Proof. Let n > 2. To see that the assertion is true, it sufhces to consider the 
diagonal joining A of T^" with itself 

□ 

As a direct consequence of Corollary |3.9| and Theorem |4.3| we obtain the 
following. 

Corollary 5.2. For any n> \ and any weakly mixing automorphism T whose 
reduced maximal spectral type a generates a Gaussian system with simple spec- 
trum, the Cartesian product T^" of n copies of T has the JP(n) property. In 
particular, for any n > 1 the Cartesian product of n copies of a typical auto- 
morphism (with respect to the weak operator topology) has the JP(n) property. 

Moreover, using Corollary |5.2| and Lemma [5. 1| we have: 

Corollary 5.3. For n >2 the class of automorphisms enjoying the JP(n — 1) 
property is a proper subclass of automorphisms enjoying the JP(n) property. 

Remark 5.1. In [TB] there is an example of a JP(2) system which is not in the 
class JP(1). The methods used there are different than what we use to obtain 
Corollary 1 5. 3 1 It would be interesting to know if it is possible to find examples of 
systems from the class JP(n)\JP(7i — 1) not using the methods from the present 
paper. 

Remark 5.2. Recall [TB^ that the class JP is closed under taking distal ex- 
tensions which are weakly mixing. The proof from ^16j can be rewriten almost 
word by word to obtain that 

^Given an automorphism 5": {Y,C,u) {Y,C,v) the diagonal self-joining A is defined by 
the formula A(A X B) = u{A n B). 
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(i) each JP(n) class is closed under taking distal extensions which are weakly 
mixing. 



Moreover, 

(ii) each JP(n) class is closed under taking factors and inverse limits. 
Moreover (see |16|). 

(iii) every system which is distally simpl^has the JP(n) property, 

(iv) the class of distally simple systems is closed under factors, distal extensions 
and inverse limits. 

In [3] a necessary condition for lifting the JP property for the so-called Rokhlin 
extensions is provided This yields a class of automorphisms with the JP 
property, not having the DS property. 



We do not know if the examples from Remark 5.1 from [4J, from Corol 



lary 5.3 and (i)-(iv) are the only "ways" to obtain systems with the JP(n) prop- 
erty. 

6 JP(n) property and disjointness with ID sys- 
tems 

In |16] Lemahczyk, Parreau and Roy showed that 

all systems with the JP(n) property are disjoint , , 

from ergodically infinitely divisible automorphisms. 

Let us recall that an ergodic automorphism T : {X, B, /i) — >■ (X, B, fi) is said to 
be infinitely divisible if there exists a sequence of factors {Buj : w e {0, l}*}[^of 
B where Be = B,B^= B^jo (E> B^ji and for each / g Ll{X, B, /i) and i] G {0, 1}'*^ 
it holds 

lim Eif\B^[o.n)) ^ 0- 

In this section we will deal with another notion of infinite divisibility, namely 
we will consider dynamical systems arising from stationary infinitely divisible 
processes. Let us recall the definition of such processes. 

Definition 6.1 (see e.g. [16]). An ergodic stationary process (X„)„gz on a 
standard probability Borel space (X,B,fi) is infinitely divisible (ID) if its dis- 
tribution P on (U.^,B'^^) is such that for any fc > 1 there exists a probability 
measure Pk on (M^, S*"^) such that P ^ P^'f] 

^The notion of distal simplicity was defined in [J. It imposes a restriction on the self- 
joinings of the considered system and is a generalization of the notion of quasi-simplicity |24) . 

^Recall that given a locally compact group G, a cocycle ip: X G and a measurable 
G-action S = (Sg)ggG on (Y, C, t") the relevant Rokhlin extension of T: (X,B,p,) — ^ (X,S,/j) 
is given by T^,s(a;, y) = {Tx, S^^^){y)). 

^{0, 1}* stands for the set of all finite sequences with entries and 1. 

^Recall that P^*^ stands for the fc-th convolution power of P]^. 
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Remark 6.1 (see e.g. [H]). A stationary process {Xn)n£Z is infinitely divisible 
if and only if for all fc > 1 and n € N there exist pairwise independent ran- 
dom variables Xn'''\ . ■ . , X^i'^^ such that Xn = Xn'^^ + • • • + xlt''^^ and that 
processes are stationary with same distribution P^. 

The following proposition describes the relation between systems arising 
from ID stationary processes and ergodically ID automorphisms. 

Proposition 6.1 ([16,). ID stationary processes are factors of ergodically ID 
dynamical systems. 



An immediate consequence of ( 14 ) and of the above proposition is the fol- 
lowing corollary. 

Corollary 6.2 f|16]l. All systems with the JP(n) property are disjoint from 
systems arising from ID stationary processes. 

We will provide another proof of this result which will be based on a more 
general proposition. Let us first recall some definitions and introduce necessary 
notation. 

Definition 6.2. Let T be an automorphism on a standard probability Borel 
space {X,B,ii) and let fc > 1. The sub-cr-algebra of B^^ which consists of all 
sets invariant under permutations of coordinates is called the symmetric factor 
of T^*^. It is denoted by J"fe(T). 

Remark 6.2 ([16J). The dynamical system determined by a stationary ID 
process is, for any integer fc > 1, a factor of the symmetric factor of the Cartesian 
fc-th power of a dynamical system. 

Proposition 6.3. |^ Fix n > 1 and let T be an automorphism of a standard 
probability space (X,B,fJ,). Assume that, for each g E L^{X,B, fi), there exists 
a sequence (fcj)j>i of integers going to infinity and a sequence {Sj)j>i of weakly 
mixing automorphisms such that T is a factor of S^^' and moreover 



Then T is disjoint from every JP(n) automorphism. 

Proof. Let Aq G J'^{R,T), where R : {Z,T>,p) {Z,'D,p) is an ergodic auto- 
morphism with the JP(n) property and let / G Lq{Z,'D, p). It is enough to 
show that g := <1'ao(/) = 0. 

By the assumption, given any e > 0, there exist an arbitrarily large integer 
k > n and a weakly mixing automorphism S* on a standard space {Y,C, u) such 
that T is a factor of S"^*^ and 

dist{g,L\Tk{S))<^^- (15) 

Let Ao be the relatively independent extension of Ao to a joining of R with S^^ , 
so that is the composition of $Ao ^^nd the embedding of L^{X, B, fi) into 



'Lemanczyk, Parreau and Roy in 1161 (Proposition 5) cover the case n = 1. 
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£2^yxfc^ ^(gifc j^gifc^^ For the sake of simplicity of notation we will assume that 
B C C®"= and /i = j/®'=|b. Then we have 5>j,j,(/) = $Ao(/) = 5- 
Consider now the ergodic decomposition of Aq: 



A dP{\). 



Since R has the JP(n) property, for each A G J'^{R, S^'^) there exist 1 < < 
■ ■ ■ < ix,n < k such that 



Then (see (ll2|)) 

$a(/) = E 



E 



<fA(/), 



(16) 



m=l jl<---<jm 



where p^-^ stands for the orthogonal projection from L'^{Yi x ■ ■ ■ xYn) onto 
^Ji jm ■ ^'-'^ 1 ^ Ji < • • ■ < < ^ we also have 

° *^(-^) ^ whenever {ji, . . . ^ {ia.i, . . • ,«A,n}- (17) 

Hence, letting for 1 < to < n 



for 1 < ji < ■ ■ ■ < jm l£ k, and 



J''(fl,Sx'=) 



i<ji<---<j™<fc 



e ■ 

i<ii<-<j„<fc 



we obtain by (16) and (17 1 that 



9=E 



m—1 



Fix 1 < TO < n. By ([it]) for each A e J^iR, S'"') at most {'^) out of the {^) 
projections p^^^ o <I>a(/) do not vanish. Therefore there exist Ji < • • • < 
such that 



P 



< 



(')' 



whence 



Vm/ 

Now we claim that for all ji < ■ ■ ■ < jm the following inequality holds: 

2e 



< 



(18) 



(19) 
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Indeed, consider a permutation tt of {1, . . .k} sending each j° to js for all s £ 
{l,...,m} and the corresponding unitary operator C/^ on L'^[Y^^,C^'',i'^''). 
Since all functions in L'^{Tk{S)) are fixed by ?7^, 



,-0 



<( E E ll/7r(ji),...,7r(i,) - /n,... 

- ||[/,5-.g|| <2.dist(.g,i2(j-,(5))) 



l<;<n l<ii< - <j:;<fc 




and ( 19 1 follows from ( 15 1 



So, by ([T8|, < ^11/11 + Therefore 

llff^ll = 




2e. 



Since fc was arbitrarily large and s arbitrarily small, this proves that gm = 0. 
Hence g = J2m=i 9m = 0. □ 

Corollary 6.4. Let n > 1. Any non-zero root of an automorphism with the 
JP(n) property is disjoint from all automorphisms arising from ID stationary 
processes. 



are 



Proof. It suffices to notice that whenever the assumptions of Proposition 6.3 ; 
satisfied for some automorphism, then they are also satisfied for any non-zero 
power of it. This implies the disjointness of roots of automorphisms with the 
JP(n) property from these automorphisms T, in particular the disjointness from 
automorphisms arising from stationary ID processes. □ 

One of the consequences of the fact that JP systems are disjoint from systems 
coming from ID stationary processes is the following example of a system which 
has the so-called Kolmogorov group property, i.e. the convolution of two copies 
of its maximal spectral type is absolutely continuous with respect to its maximal 
spectral type. Let T acting on {X, B, fi) be an automorphism whose reduced 
maximal spectral type generates a Gaussian system with simple spectrum, and 
let Ti'. (Xi, Bi, fii) — > {Xi, Bi, fii) for i > 1 be isomorphic copies of it. Consider 
the infinite Cartesian product R — Ti x T2 x . . . . Denote by a the maximal 
spectral type of T. Then exp(cr) := X^^i lir maximal spectral type of 

R and clearly (7^ * aji <^ ct/j. We claim that R is disjoint from automorphisms 
arising from stationary ID processes. Let S: (F, C,z/) — >■ {Y,C,v) be such an 
automorphism and consider an ergodic joining A G J'^{R,S). Then for any 

A|xi....,x„.y € J(ri X ••• X T„,S). 
By Corollary |5.2| and Proposition |6. 3 1 



This implies that A = (/^i (E) IJ.2 'E . . ■ ) <E) . 
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